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Abstract: 
In this study, dynamic response of a circular tunnel embedded in a porous 
medium and subjected to a moving axisymmetric ring load is investigated.  To 
avoid treating Biot’s dynamic equations directly, two scalar potentials and two 
vector potentials are introduced to represent the displacements of the solid 
skeleton and the pore fluid.  Based on Biot’s theory and the Fourier 
transformation, the frequency domain governing equations for the potentials are 
derived.  Performing the Fourier transformation on the axial coordinate, general 
solutions of the potentials are derived from the governing equations of the 
potentials.  Using the obtained general solutions and boundary conditions along 
the tunnel surface, the boundary value problem is formulated in the frequency-
wave-number domain. Solution of the boundary value problem yields the 
unknown constants of the potentials.  The closed form solutions in the 
frequency-wave-number domain for the displacements, stresses and pore 
pressure are derived in terms of the obtained potentials.  Analytical inversion of 
the Fourier transformation with respect to the frequency together with the 
numerical inversion of the Fourier transformation with respect to axial wave 
number leads to the numerical solutions of the displacements, stresses and pore 
pressure.  For demonstration of our method, some numerical examples and 
corresponding analysis are given in the paper. 
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1  Introduction1  

Prompted by the popularity of high-speed trains and magnetically levitated trains, many 

researchers recently have been focusing on the interaction between high-speed load and 

surrounding media.  For example, Gonzalez and Abascal (2004) developed a boundary 

element method for moving loads in a linear visco-elasticity.  Using time domain Green’s 

function, Rasmussen et al (2001) established a time domain boundary element method for 

moving load problems of an isotropic elastic media.  A layered half-space subjected to a 

moving periodic load as well as a trainload was investigated by Grundmann et al (1999).  A 

comprehensive review and treatment of moving load problems were presented by Fryba 

(1999).  It should be noted that for high-speed trains and magnetically levitated trains, the 

speed of the train is very close to Rayleigh wave speeds or shear wave speeds of saturated 

soft soils.  Consequently, it is crucial to analyze the dynamic interaction between high-speed 

vehicles and the surrounding saturated porous media.  As a result, moving load problems for 

saturated porous media has begun to attract the interest of some investigators.  For instance, 

Burke and Kingsbury (1984) presented a closed-form analytical solution for a poroelastic 

medium subjected to a traveling surface pressure.  Siddharthan et al (1993) studied the 

dynamic response of a layered poroelastic half-space by solving Biot’s dynamic fundamental 

equations approximately.  Jin et al (2004) presented a semi-analytical treatment of a 2D half-

plane porous media subjected to a surface-moving line load.  

A circular tunnel subjected to a moving load is of fundamental importance for 

transportation engineering and mining engineering as well as geophysical exploration.  For 

example, the noise and vibration generated by a moving vehicle inside a tunnel is crucial for 

the design of a tunnel; the dynamic interaction between the gas detonation wave inside a 

mine and surrounding rocks is important in evaluating the damage caused by gas explosions. 

To date, there have been many researches regarding the analysis of a circular tunnel subjected 

to dynamic or static load.  For example, Jordan (1962) investigated the dynamic problem of a 

circular borehole subjected to an explosive pressure over a segment of the surface of the hole.  

Using dynamic elasticity theory and the Fourier transformation, the response of an infinite 

elastic medium to a traveling load in a cylindrical borehole was presented by Parnes (1969).  

Parnes (1983, 1986) also studied the dynamic response of a circular borehole loaded by a 

harmonic normal ring load and a harmonic torsional ring force.  Later, Metrikine and 

                                           
1 This report is part of the manuscript: Lu, J.-F. and Jeng, D-S. (2005) A semi-analytical solution of a circular tunnel 
surrounded by a poroelastic medium and subjected to a moving load. Acta Mechanics (submitted) 
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Vrouwenvelder (2000) put forward an approximate two-dimensional model for the evaluation 

of surface ground vibration due to moving vehicles inside a tunnel.  There are a few 

researches concerning the qusai-static analysis of a circular tunnel embedded in a poroelastic 

medium.  For example, based on Biot’s consolidation theory as well as the Laplace and the 

Fourier transformation method, a circular borehole embedded in a poroelastic medium 

subjected to a static ring load was addressed by Rajapakse (1993).  Using decomposition 

scheme, poroelastic solution for an inclined borehole was presented in Cui et al. (1997).  

However, as for a circular tunnel in a poroelastic medium subjected to a moving ring load, no 

research has been carried out so far.  

In this study, the Biot’s dynamic theory (Bio, 1956a, b, 1962) will be used to analyse 

dynamic responses of a porous medium to a moving ring load inside a circular tunnel. Two 

scalar potentials and two vectorial potentials are introduced to represent the displacements of 

the solid skeleton and the pore fluid, and the frequency domain governing equations for the 

potentials are derived.  Through the Fourier transformation on the axial coordinate, the 

general solutions for the potentials in cylindrical coordinate system are derived from the 

governing equations of the potentials.  The closed-form solutions for the displacements, 

stresses and pore pressure in the frequency-wave-number domain are obtained in terms of the 

obtained potentials. Analytical inversion of the Fourier transformation with respect to the 

frequency together with the numerical inversion of the Fourier transformation with respect to 

axial wave number leads to the numerical solutions of the displacements, stresses and pore 

pressure for the porous medium. To demonstrate the proposed method, some numerical 

examples and corresponding parametric analysis are given in the paper. 

2 Governing equations and general solutions 

2.1 Biot’s theory and definition of the Fourier transformation 

The constitutive equations for homogeneous porous medium have the form (Biot, 1956a, b, 

1962) 

pe ijijijij αδλδμεσ −+= 2 , (1) 

ϑα MMep +−= , (2) 
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where eij ,ε  are the strain tensor and the dilatation of the solid skeleton;ϑ  is the volume of 

fluid injected into unit volume of bulk material; ijσ is the stress of bulk material; p is the 

excess pore fluid pressure and ijδ is the Kronecker delta. Moreover, μλ, are Lame constants 

of the solid skeleton; M,α  are Biot parameters (Biot, 1941) accounting for the 

compressibility of the saturated porous medium. Note that 10 ≤≤α , ∞<≤ M0 , and for 

completely dry materials 0→M , for materials with incompressible constituents 

1→α , ∞→M .  

In (1) and (2), the dilatation of the solid skeleton e  and the volume of fluid injected into 

unit volume of bulk material ϑ  are defined as 

iiue ,= , iiw ,−=ϑ , )( iii uUw −=φ , (3) 

where iu and iU  denote the average solid displacement and the fluid displacement, and φ  is 

the porosity of material.  The expression for the fluid discharge in i-th ( zyxi ,,= ) direction 

has the following form 

t
wq i

i ∂
∂

= . (4) 

The equation of motion for the bulk material and the pore fluid are expressed in terms 

of the displacements iu  and iw  

ifibjijjijjji wuMwuMu
....

,,
2

, )( ρραμαλμ +=++++  , (5a) 

iiifjijjij wtK
k

wmuMwMu
.....

,, )( ∗++=+
ηρα  ,  (5b) 

where fb ρρ , denote the bulk density of the porous medium and the density of the pore fluid, 

fsb φρρφρ +−= )1( , sρ is the density of the solid skeleton and φ  is the porosity of the 

porous medium; φρ /fam ∞= and ∞a is tortuosity; k,η account for the viscosity of the pore 

fluid and the permeability of the porous medium, respectively and )(tK is a time dependent 

viscosity correction factor which describes the transition behavior from viscosity dominated 

flow in the low frequency range towards inertia dominated flow at high frequency range 

(Biot, 1962b; Johnson et al., 1987; Pride et al., 199); a superimposed dot on a variable 
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denotes the derivative with respect to time and a star between two variables denotes time 

convolution. 

For convenience of the following analysis, a reference length, reference shear 

modulus and reference density RRRa ρμ ,, are introduced in the paper. All the geometrical and 

physical quantities are non-dimensionalized as follows 

R

i
i a

xx =* ,
R

i
i a

uu =* ,
R

i
i a

ww =* ,
R

R
ii qq
μ
ρ

=* ,
RRRa ρμ

ηη =* , 2
*

Ra
kk = ,

Rμ
λλ =* ,

Rμ
μμ =* , 

R

MM
μ

=* , 2
*

RRa
F

F
μ

= ,
R

b
b ρ

ρρ =* ,
R

f
f ρ

ρ
ρ =* ,

R

R

Ra
tt

ρ
μ

=* , 
R

R
Ra

μ
ρωω =* , (6) 

where the quantities with asterisk are the non-dimensional quantities and F denotes force. In 

the remainder of this paper, the non-dimensional geometrical and physical quantities in Eq. 

(6) will be used. Furthermore, for simplicity, the superscript asterisks will be omitted in all 

the quantities in what follows.  

To derive the general solutions for Biot’s equations in the cylindrical coordinate system, 

two kinds of Fourier transformation are involved: the Fourier transformation with respect to 

time and frequency and the Fourier transformation with respect to axial coordinate and axial 

wave number. In this study, the Fourier transformation for the both cases is defined as 

follows 

dxexff xiδδ −
+∞

∞−

∧

∫= )()( , τδ
π

δ defxf xi∫
+∞

∞−

∧

= )(
2
1)( , (7) 

where x denotes time or space coordinate, while δ  represents frequency or axial wave 

number, 1−=i .  

2.2 The potentials for Biot’s theory 

To solve the Biot equations, the Helmholtz decomposition for the solid displacement and the 

fluid displacement is introduced. In Cartesian coordinate system xyz, therefore, the 

displacement of the solid skeleton and the pore fluid have the following form 

)(
,

)(
,

s
jkijk

s
ii eu ψϕ +=  (8a) 
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)(
,

)(
,

f
jkijk

f
ii ew ψϕ +=  (8b) 

where 3,2,1,, )()( =ks
k

s ψϕ  are the scalar and vectorial potentials for the solid displacement, 

while 3,2,1,, )()( =kf
k

f ψϕ  are those for the pore fluid and ijke is the Levi-Civita symbol.  

Substitution of (8) into (5) and applying the Fourier transformation to time variable 

yields 

 
)(

2
)(

,

)(
2

)(

,)2(
f

f

f

jj

s

b

s

jjc M
∧∧∧∧

−−=++ ϕωρϕαϕωρϕμλ  (9a) 

)(

1

)(

,

)(
2

)(

,
2

ff

jj

s

f

s

jj MM
∧∧∧∧

−−=+ ϕαβϕαϕωαρϕα  (9b) 

0
)(

2
)(

, =+
∧∧ s

kt

s

jjk k ψψ  (9c) 

)(

2

)( s

k

f

k

∧∧

= ψβψ  (9d) 

where the superimposed symbol ∧  above a variable denote the Fourier transformation with 

respect to time, Mc
2αλλ += , )()/(2

1 ωωηωβ
∧

−= Kkim , 1
2

2 / βωρβ f−=  and tk is the 

frequency-dependent complex wave number for the shear wave of the porous medium  

μ
ρβρ

ω fb
tk 2+
= . (10) 

Note that to guarantee the attenuation of elastic wave in the porous medium, the imaginary 

part of tk should be non-positive for the Fourier transformation defined in (7).  Combination 

of (9a) and (9b) gives the following expressions  

)(

3

22)(

,
3

)( 2 s
fb

s

jj

f ∧∧∧ −
+

+
= ϕ

β
ωαρωρ

ϕ
β

μλϕ  (11a) 

0
)(

2

)(

,1

)(

, =++
∧∧∧ ss

jj

s

jjkk ϕεϕεϕ  (11b) 
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where 1321 /)2( δμλδδε +++= c , 1
2

42 /)( δωρδε b+= , 31 /)2( βμλαδ += M , 

3
22

2 /)( βωαρωραδ fbM −= , 3
2

3 /)2( βμλωρδ += f , 3
222

4 /)( βωαρωρωρδ fbf −= , 

2
13 ωραββ f−= . 

Eqs. (9) and (11) indicate that the potentials of the solid and the pore fluid are not 

independent: the potentials of the pore fluid can be derived from those of the solid skeleton. 

Moreover, the vectorial potential for the solid frame is determined by the Helmholtz equation 

(9c), which can be easily solved in cylindrical coordinate system by the Fourier 

transformation. In order to develop the general solution for the potential 
)(s∧

ϕ , Eq.(11b) is 

rewritten in the following form   

0))((
)(

2
)(

222 =+∇+∇
∧∧ s

s

s

f kk ϕϕ  (12) 

where 2∇ is the Laplacian operator, 1
22 ε=+ sf kk , 2

22 ε=sf kk , sf kk ,  are the frequency-

dependent complex wave numbers for the fast and slow P wave, respectively. If introducing 

potential 
^
χ , Eq.(12) is reduced to  

^)(
2

)(
2 χϕϕ =+∇

∧∧ s

s

s

k  (13a) 

0
^

2
^

2 =+∇ χχ fk  (13b) 

It follows from Eq.(13), the general solution of the potential 
^
χ  is given by the 

Helmholtz equation (13b), while the general solution of 
)(s∧

ϕ is given by the inhomogeneous 

Helmholtz equation (13a).  

 

2.3 General solutions in an axisymmetric cylindrical coordinate 

system 

Since the moving ring load is axisymmetric, thus, it is convenient to consider our problem in 

cylindrical coordinate system ),,( zθρ . If an axisymmetric condition is taken into account, 
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the vectorial potential 
)(s

k

∧

ψ and 
)( f

k

∧

ψ  in the coordinate system ),,( zθρ can be represented by 

one scalar potential. Therefore, the displacements for the solid skeleton and pore fluid are 

expressed as follows 

z
u

ss

∂∂
∂

+
∂
∂

=
∧∧

∧

ρ
η

ρ
ϕ

ρ

)(
2

)(

, )(1
)()(

ρ
ηρ

ρρ
ϕ

∂
∂

∂
∂

−
∂

∂
=

∧∧
∧

ss

z
z

u  , (14a) 

z
w

ff

∂∂
∂

+
∂

∂
=

∧∧
∧

ρ
η

ρ
ϕ

ρ

)(
2

)(

, )(1
)()(

ρ
ηρ

ρρ
ϕ

∂
∂

∂
∂

−
∂

∂
=

∧∧
∧

ff

z
z

w  (14b) 

where ρ , z  are radial and axial coordinate, respectively (Figure 1), 
)()(

,
fs ∧∧

ϕϕ are given by 

Eqs.(11), (13), while the potentials
)()(

,
fs ∧∧

ηη are determined by the following equations 

0
)(

2
)(

2 =+∇
∧∧ s

t

s

k ηη  (15a) 

)(

2

)( sf ∧∧

= ηβη  (15b) 

where the axisymmetric Laplacian operator is defined by z22222 ///1/ ∂∂+∂∂+∂∂=∇ ρρρ .  
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v
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porous medium

 

Figure 1 A circular tunnel in a porous medium subjected to a moving ring concentrated or 

distributed load. 

 

Performing the Fourier transformation with respect to axial coordinate z on Eq. (13b), 

one has 

0)(1 ~
22

~

2

~
2

=−+
∂
∂

+
∂
∂ χξ

ρ
χ

ρρ
χ

fk  (16) 

where the superimposed tilde denotes the combination of the Fourier transformation with 

respect to time and the Fourier transformation with respect to axial coordinate z , ξ is the 

axial wave number. Letting 222 ξγ −= ff k and choosing the branch of fγ  to satisfy 

0)Im( <fγ , then the general solution of Eq. 16) has the form 

)(),( )2(
0

~
ργξωχ fHA=  (17) 
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in which ),( ξωA  is a arbitrary constant to be determined by boundary conditions, )()2(
0 •H  

denotes the second kind of the Hankel function of zero order. Similarly, performing the 

Fourier transformation to coordinate z  on Eq.(13a) leads to  

~)(~
22

)(~

2

)(~
2

)(1 χφξ
ρ
φ

ρρ
φ

=−+
∂
∂

+
∂
∂ s

s

ss

k  (18) 

Using solution (17), the general solution for Eq.(18) is obtained as follows 

)(),()(),( )2(
0

)2(
022

)(~
ργξωργξωφ sf

fs

s

HBH
kk

A
+

−
=  (19) 

where 222 ξγ −= ss k and 0)Im( <sγ , ),( ξωB  is a arbitrary constant. Applying the Fourier 

transformation to coordinate z on Eq. (15a) yields the general solution for 
)(~ s

η  

)(),( )2(
0

)(~
ργξωη t

s

HC=  (20) 

where 222 ξγ −= tt k with 0)Im( <tγ  and ),( ξωC  is a arbitrary constant. In terms of 

Eqs.(11a), (15b), (19), (20), the general solutions for the potentials of the pore fluids have the 

following forms 

 )(),()()(),( )2(
0

2
12

)2(
022

2
12

)(~
ργξωααργξω

αα
φ ssf

fs

f
f

HBkHA
kk
k

−+
−
−

=  (21a) 

)(),( )2(
02

)(~
ργξωβη t

f

HC=  (21b) 

where 31 /)2( βμλα += , 3
22

2 /)( βωαρρωα f−= .  

It is noted that the displacement of the solid frame and the pore fluid as well as the 

stresses and pore pressure can be further obtained from the displacement-potential relations 

and the constitutive relations for the porous medium.  The expressions for the displacements, 

stresses and the pore pressure are as follows 

)(),()(),()(
),( )2(

1
)2(

1
)2(

122

~
ργξωξγργξωγργ

ξωγ
ρ ttssf

sf

f HCiHBH
kk

A
u −−

−
=  (22a) 
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)(),()(),()(),( )2(
0

2)2(
0

)2(
122

~
ργξωγργξωξργξωξ

ttsf
fs

z HCHBiH
kk

Aiu ++
−

=  (22b) 

)(),()()(
),()( )2(

1
2

12
)2(

122

2
12

~
ργξωγααργ

ξωγαα
ρ sssf

sf

ff HBkH
kk

Ak
w −−

−
−

=  

)(),( )2(
12 ργξωγβξ tt HCi−  (22c) 

])(),()()(
),()(

[ )2(
0

2
12

)2(
022

2
12

~
ργξωααργ

ξωαα
ξ ssf

fs

f
z HBkH

kk
Ak

iw −+
−

−
=   

])(1)([),()(),( )2(
1

)2(
0

2
2

)2(
1

2 ργ
γρ

ργξωγβργ
ρ

ξωγβ
t

t
ttt

t HHCHC
−++  (22d) 

)(),()(
)(
),(

)(
),(

[2 )2(
0

2)2(
122

)2(
022

2~
ργξωγργ

ρ
ξωγ

ργ
ξωγ

μσ ρρ ssf
fs

f
f

fs

f HBH
kk

A
H

kk
A

−
−

−
−

=  

++−+ ])(),()(),()(),( )2(
1

)2(
0

2)2(
1 ργ

ρ
ξωξγργξωξγργ

ρ
ξωγ

t
t

tts
s HCiHCiHB  

])(),()(
),(

[ )2(
0

2)2(
022

2

ργξωργ
ξω

λ ssf
sf

f HBkH
kk

Ak
−

−
 (22e) 

−+
−

= )(),(2i)(),([2i )2(
1

2)2(
122

~
ργξωξγργξωξγμσ ρ sssff

sf

z HBkHA
kk

 

)(),()(),()(),(2 )2(
1

22)2(
1

22)2(
1

2 ργξωγξργξωγξργξωξγ tfttstsfs HCkHCkHBki +−−  

 ])(),()(),( )2(
1

23)2(
1

23 ργξωγργξωγ tfttst HCkHCk −+  (22f) 

])(),(i)(),()(
),(

[2 )2(
1

)2(
1

)2(
122

~
ργξωξγργξωγργ

ξωγ
ρ
μσ θθ ttssf

sf

f HCHBH
kk

A
−−

−
=  

 ])(),()(
),(

[ )2(
0

2)2(
022

2

ργξωργ
ξω

λ ssf
sf

f HBkH
kk

Ak
−

−
+  (22g) 

)(),()(
),( )2(

0
2)2(

022

2~
ργξωαργ

ξωα
ssf

fs

s HBkMH
kk

AkM
p +

−
=  
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 )(
),()( )2(

022

2
12

2

ργ
ξωαα

f
fs

ff H
kk

AkkM
−

−
+ )(),()( )2(

0
22

12 ργξωαα sss HBkkM −−  (22h) 

 

3 Boundary value problems and the corresponding 

solutions 

A circular tunnel with radius R embedded in an infinite isotropic porous medium is 

investigated in this paper (Figure 1). The surface of the circular tunnel is subjected to a 

moving normal or a tangent axisymmetric ring load, which can be either concentrated load 

along a circle or a uniformly distributed load over a segment of the tunnel surface.  Using 

the general solutions derived in the above section and the boundary conditions along the 

tunnel surface, boundary value problems can be formulated in frequency-wave-number 

domain. Solution of the boundary value problems yields the three arbitrary constants 

involved in the general solutions.  

If a moving concentrated normal or tangent ring load tn FF ,  with velocity v  is 

applied on the tunnel surface, then, the boundary conditions have the following form 

)(
2

),,( vtz
R

FtzR n −−= δ
π

σρρ  (23a) 

)(
2

),,( vtz
R

FtzR t
z −−= δ

π
σ ρ  (23b) 

where )(•δ is the Dirac-δ function. On the other hand, if the moving load is distributed 

over a segment of length d2 , then, the boundary conditions can be expressed as follows 

])()([),,( dvtzHdvtzHptzR n −−−+−−=ρρσ  (24a) 

])()([),,( dvtzHdvtzHptzR tz −−−+−−=ρσ  (24b) 

where )(•H is the Heaviside function and tn pp ,  is the intensities of the normal and tangent 

traction applied on the tunnel surface.  

If the tunnel surface is completely permeable, the pore pressure at the tunnel surface 

should vanish 
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0),,( =tzRp  (25) 

On the contrary, if the tunnel surface is fully impermeable, then, the following boundary 

condition holds 

 0
),,(

),,( =
∂

∂
=

t
tzRw

tzRq ρ
ρ  (26) 

Performing double Fourier transformation with respect to zt, on Eq. (23), the corresponding 

boundary conditions in the frequency-wave-number domain are obtained as follows  

)(),,(
~

v
R
FR n ξωδωξσ ρρ +−=  (27a) 

)(),,(
~

v
R
FR t

z ξωδωξσ ρ +−=  (27b) 

Similarly, double Fourier transformation of Eq (24) leads to the following boundary 

conditions in the frequency-wave-number domain 

ξ
ξξωδπωξσ ρρ
d)sin(v)(4),,(

~
+−= npR  (28a) 

ξ
ξξωδπωξσ ρ
d)sin(v)(4),,(

~
+−= tz pR  (28b) 

Likewise, in the frequency-wave-number domain, the permeable and impermeable boundary 

conditions have the forms 

0),,(
~

=ωξRp  (29a) 

0),,(),,(
~~

== ωξωωξ ρρ RwiRq  (29b) 

By using Eqs. (27) or (28), (29) and Eq.(22), the arbitrary constants ),( ξωA , ),( ξωB , 

),( ξωC in Eq.(22) can be calculated.  Due to the limitation of this paper, the expressions of 

the arbitrary constants for all the cases will not be listed here.  However, for the concentrated 

ring normal load nF  ( 0=tF ), the expressions for the three arbitrary constants ),( ξωA , 

),( ξωB , ),( ξωC  are given in the Appendix.  Note that the three arbitrary constants for other 

cases can be calculated according to the above procedure in a straightforward way. 



A semi-analytical solution of a circular tunnel surrounded by a poroelastic medium and subjected to a 
moving load 

December 2005 

 

Department of Civil Engineering 
Research Report No R857 

16  
 

 

Substituting the obtained constants ),( ξωA , ),( ξωB , ),( ξωC into Eq. (22), the 

displacements, stresses and pore pressure in the frequency-wave-number domain are 

obtained.  The time-space domain solution can be recovered by double inverse Fourier 

transformation with respect to ξω, , respectively.  It is worth noting that due to the presence 

of the factor v)( ξωδ + in all the terms of the expressions for the displacements, stresses and 

pore pressure, consequently, the inverse Fourier transformation with respect to frequency ω  

can be fulfilled analytically (Eason, 1965).  However, as the expressions for the 

displacements, stresses and pore pressure are very complicated, the inverse Fourier 

transformation with respect to axial wave number ξ  can only be implemented by a numerical 

method.  

To show the implementation of the double inverse Fourier transformation to the 

physical quantities in Eq.(22), we shall use 
~
Ω  to denote all the physical variables. Suppose 

the tunnel is subjected to a moving concentrated normal ring load, then, the expression of 
~
Ω  

can always be written as follows 

),,()(),,(
*~~

ωξρξωδωξρ Ω+−=Ω v
R
Fn  (30) 

The integral representation of ),,( tzρΩ in the time-space domain has the following form 

∫ ∫
+∞

∞−

+∞

∞−

+Ω+−=Ω ξωωξρξωδ
π

ρ ξω ddev
R
Ftz ztin )(

*~
2 ),,()()

2
1(),,(  (31) 

Using the property of the Dirac-δ function, the above integral can be reduced to  

∫
+∞

∞−

−−Ω−=Ω ξξξρ
π

ρ ξ dev
R
F

tz vtzin )(
*~

2 ),,()
2
1(),,( . (32) 

As mentioned above, due to the complexity of the integrand in (32), ),,( tzρΩ  can only 

be evaluated via numerical approach. Moreover, it follows from Eq. (32) that if let 

vtzz −=, , ),,( tzρΩ  will become time-independent and it only depends on ρ,,z , which 

means if a moving reference frame ),,( ,zθρ is attached on the moving load, the response of 

the porous medium measured in the moving reference frame is time-independent. Physically, 

this point is equivalent to the fact that if a load has been moving for a very long time, then, a 

steady state will be achieved in the moving reference frame adhered to the moving load.  
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4 Numerical results and corresponding analysis 

The general solutions of the problem listed in (22) consist of three arbitrary constants.  After 

determining the constants by solving the boundary value problems, the solution in the time-

space domain is represented by infinite integral (32).  Since the drag force between the solid 

skeleton and the pore fluid is dissipative, all the branch points and the pole, which 

corresponds to the pseudo-Rayleigh wave along the surface of the tunnel, of the expression 

),( ωξΠ (see Appendix) are complicated.  Thus, the infinite integral (32) with respect to the 

axial wave number ξ  are free of any singularities in the path of integration. The numerical 

integration in (32), therefore, can be calculated directly by subroutine DQDAGI, which is 

available in IMSL library. 

It follows from (23) and (24), a moving load along the surface of the tunnel is of Dirac 

or Heaviside type. Consequently, high frequency components are involved in the response 

spectrum of the porous medium. Therefore, the low frequency Biot’s theory (Biot, 1962a) is 

not suitable for the present problem.  To characterize the high frequency drag force between 

the solid skeleton and the pore fluid, the JKD model (Johnson et al., 1987) is incorporated 

with Biot’s theory (Biot, 1956b) in the present research. The JKD model can give an 

adequate approximation for many porous media (Johnson et al., 1987; Pride et al., 1993). The 

complex frequency dependent viscosity correction function in the JKD model has the form 

(Johnson et al., 1987) 

 2/1)1()( g
c

iK α
ω
ωω +=

∧

, 
kaf

c
∞

=
ρ
ηφω  (33) 

where cω  is transition frequency which separates viscous-force-dominated flow from inertial-

force-dominated flow and gα is the pore geometry term which is commonly equal to ½ for 

many porous media (Johnson et al., 1987; Pride et al., 1993).  

In addition, in the following calculations, the reference length, reference shear modulus 

and reference density RRRa ρμ ,,  are chosen as follows  

RaR = , μμ =R , fR ρρ =  (34) 
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4.1 Dynamic response of the points with 5.75.7 ' ≤≤− z  and 5.1=ρ  

In this section, the dynamic response of the points with 5.75.7 ' ≤−=≤− vtzz  and 5.1=ρ  

for different load velocity is calculated. The material parameters are chosen as follows: 

0.1,0.2,3333.0,0.1 ==== fs ρρλμ , 3.0=φ , 95.0=α , 67.1=M , 1010774.5 −×=η , 

13100.1 −×=k , 3.0=φ . The radius of the tunnel is 0.1=R  and its surface is assumed to be 

permeable. Three cases corresponding to 1.0/ =SHvv , 5.0/ =SHvv  and 9.0/ =SHvv  are 

calculated, where SHv  is defined as bSHv ρμ /= . The moving loads are normal and tangent 

concentrated ring force with magnitudes, tn FF , , respectively and located at 0' =z . Figures 2 

and 3 show the variation of puu zr ,,, θθσ  versus axial coordinate 'z  for the normal and 

tangent moving concentrated ring load, respectively.  

Figure 2 shows for the moving normal load, all the values of puu zr ,,, θθσ  increase with 

increasing load velocity. It should be noted that the differences between the values of 

puu zr ,,, θθσ  for the case of 1.0/ =SHvv  and the case 5.0/ =SHvv  are smaller than those 

between the case 5.0/ =SHvv  and the case 9.0/ =SHvv , which is due to the fact that 

1.0/ =SHvv  and 5.0/ =SHvv  are far smaller than the velocity of the shear wave velocity of 

the porous medium, while 9.0/ =SHvv  is near the shear wave velocity of the porous medium. 

Moreover, since the velocity SHvv / in this example is smaller than those of S wave and P 

waves of the porous medium, the Mach cones corresponding to the S wave and the P waves 

of the porous medium have not occurred. The values of puu zr ,,, θθσ  are therefore nearly 

symmetric with respect to the load ( 0' =z ). It follows form Figure2 (d), positive pore 

pressure only occurs in the domain near the concentrated ring load, while for the domain far 

form the concentrated ring load, negative pore pressure appears.  The above phenomenon can 

be explained by the following fact: the domain near the concentrated ring load is under 

compression, while the region far from the concentrated ring load is under tension. Figure3 

indicates again that the values of puu zr ,,, θθσ  for the tangent moving load increase with 

increasing velocity and the dynamic response of the porous medium are nearly asymmetric 

with respect to the load ( 0' =z ). Also, the pore pressure ahead of the moving load is always 

positive, while the pore pressure behind the moving load is negative.  
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(d) 

Figure 2: Dynamic response of the points with 5.75.7 ' ≤≤− z  and 5.1=ρ  near a permeable 

circular tunnel subjected to a moving normal concentrated ring load nF  with velocity 

9.0,5.0,1.0/ =SHvv , respectively: (a) radial displacement nr Fu / ; (b) axial displacement 

nz Fu / ; (c) hoop stress nF/θθσ ; (d) pore pressure nFp / . 
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(d) 

Figure 3: Dynamic response of the points with 5.75.7 ' ≤≤− z  and 5.1=ρ  near a permeable 
circular tunnel subjected to a moving tangent concentrated ring load tF  with velocity 

9.0,5.0,1.0/ =SHvv , respectively: (a) radial displacement tr Fu / ; (b) axial 
displacement tz Fu / ; (c) hoop stress tF/θθσ ; (d) pore pressure tFp / . 
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4.2 The influence of the load velocity on the dynamic response  

In this section, the influence of the load velocity on the dynamic response of three different 

points with 0.1,0.0,0.1' −=−= vtzz  and 5.1=ρ  is considered. The moving loads are 

normal and tangent uniformly distributed ring force over segment 11 ' ≤≤− z  of the tunnel 

surface and with intensities tn pp , , respectively. The velocity of normal and tangent load 

varies from 0/ =SHvv  to 95.1/ =SHvv , where SHv  is defined as bSHv ρμ /= . The material 

parameters are chosen as follows: 0.1,0.2,3333.0,0.1 ==== fs ρρλμ , 3.0=φ , 

95.0=α , 67.1=M , 1010774.5 −×=η , 14100.1 −×=k , 3.0=φ . The radius of the tunnel is 

0.1=R  and its surface is assumed to be permeable. Figure 4 and Figure 5 give the values of 

puu zr ,,, θθσ  for the normal and tangent load at the three different points versus the load 

velocity.  

It follows from Figure 4 that at lower load velocity, the values of θθσ,, zr uu  at the three 

different points increase slightly with the increases of the velocity, while the values of 

p almost keep constant when 9.0/ ≤SHvv . However, when the velocity approaches SHv , all 

the values of puu zr ,,, θθσ  increase dramatically. Furthermore, they exhibit an oscillating 

characteristic when v  is around SHv . But when the velocity is larger than SHv , the response 

of the porous medium varies smoothly. Figure4 also shows that when the velocity of the load 

is lower than SHv , the response of the porous medium is nearly symmetric with respect to the 

central of the normal load ( 0' =z ), however, when the velocity of the load tends to SHv , the 

symmetry is damaged. It is worth noting that when the velocity of the load is around SHv , the 

radial displacement at 0.1' =z  is negative (Figure 4(a)). Also, an interesting phenomenon is 

that when velocity 42.1/ ≈SHvv , all the pore pressures in three points vanish.  Figure5 shows 

that at lower velocity, the response of the porous medium is asymmetric with respect to the 

central of the tangent load ( 0' =z ). Similarly, this asymmetry is damaged by the larger 

velocity of the tangent load. It follows from Figure 5(c) that at lower velocity, the value of 

θθσ  is very small, but when SHvv /  is larger than 5.0 , θθσ  increases significantly. Figure 5(d) 

indicates that the pore pressure at 0.1' −=z is always negative and the pore pressure at 

0.1' =z  is always positive, while the pore pressure at 0.0' =z  vanish when 9.0/ ≤SHvv  and it 
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changes sign several times when 9.0/ >SHvv .  
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Figure 4: Dynamic response of three points with 0.1,0.0,0.1' −=z  and 5.1=ρ  near a 
permeable circular tunnel subjected to a moving normal distributed ring load 

)0.10.1( ' ≤≤− zpn  with velocity ranging from 0.0/ =SHvv  to 95.1/ =SHvv : (a) 
radial displacement nr pu / ; (b) axial displacement nz pu / ; (c) hoop stress np/θθσ ; (d) 
pore pressure npp / . 
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Figure 5: Dynamic response of three points with 0.1,0.0,0.1' −=z  and 5.1=ρ  near a 
permeable circular tunnel subjected to a moving tangent distributed ring load 

)0.10.1( ' ≤≤− zpt  with velocity ranging from 0.0/ =SHvv  to 95.1/ =SHvv : (a) radial 
displacement tr pu / ; (b) axial displacement tz pu / ; (c) hoop stress tp/θθσ ; (d) pore 
pressure tpp / . 
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4.3 The influence of the boundary conditions on dynamic responses 

In this section, the influence of the boundary conditions on dynamic responses of two 

points with coordinates 0.1,0.1' −=−= vtzz  and 5.1=ρ  is considered. Two kinds of 

boundary conditions─  fully permeable and fully impermeable─  are used in this section. The 

tunnel is subjected to a moving normal and tangent concentrated ring load located at 0' =z  

and with magnitudes tn FF , , respectively. The velocity of the moving normal and tangent load 

varies from 0.0/ =SHvv  to 0.1/ =SHvv , where SHv is defined as bSHv ρμ /= . The material 

parameters are chosen as follows: 0.1,0.2,3333.0,0.1 ==== fs ρρλμ , 3.0=φ , 

95.0=α , 67.1=M , 1010774.5 −×=η , 11100.1 −×=k , 3.0=φ , 0.1=R . Figure6 and Figure7 

give the values of puu zr ,,, θθσ  for the two points under permeable and impermeable 

boundary condition versus the velocity of the moving loads.  

The plots show that the boundary conditions have minor influence on the dynamic 

response of the point 1' =z . The boundary condition has a slight influence on the 

displacement zu  at the point 1' −=z  too. However, when the load velocity approaches SHv , 

the influence of the boundary condition on the displacement ru and stress θθσ  of the point 

1' −=z  is pronounced. Figures 6 and 7 demonstrate the boundary conditions have influence 

on the pore pressure at the point 1' −=z  for all the values of the velocity. It follows from 

Figure 6(d) that at the point 1' −=z , the pore pressure of the impermeable boundary is larger 

than that of the permeable case at lower velocity; when 1.0/ >SHvv , the pore pressure of the 

permeable case is larger than that of the impermeable case; when SHvv / approaching 0.1 , 

again, the pore pressure of the impermeable case is larger than that of the permeable case. For 

the tangent load (Figure 7(d)), the pore pressure of the impermeable case is larger than that of 

the permeable case when 48.0/ <SHvv ; however, when 48.0/ >SHvv , the pore pressure of 

the impermeable case is smaller than that of the permeable case.  
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Figure 6: Dynamic response of two points with 0.1,0.1' −=z  and 5.1=ρ  near a permeable 
or an impermeable circular tunnel subjected to a moving normal concentrated ring 
load nF  with velocity ranging from 0.0/ =SHvv  to 0.1/ =SHvv : (a) radial 
displacement nr Fu / ; (b) axial displacement nz Fu / ; (c) hoop stress nF/θθσ ; (d) pore 
pressure nFp / . 

 



A semi-analytical solution of a circular tunnel surrounded by a poroelastic medium and subjected to a 
moving load 

December 2005 

 

Department of Civil Engineering 
Research Report No R857 

31  
 

 

 

0.0 0.2 0.4 0.6 0.8 1.0

-0.20

-0.15

-0.10

-0.05

0.00
u r/F

t

v/vSH

 z'=-1(permeable)

 z'=-1(impermeable)

 z'=1(permeable)

 z'=1(impermeable)

 
(a) 

0.0 0.2 0.4 0.6 0.8 1.0
0.030

0.045

0.060

0.075

0.090

0.105

0.120

u z/F
t

v/vSH

 z'=-1(permeable)

 z'=-1(impermeable)

 z'=1(permeable)

 z'=1(impermeable)

 
(b) 

 



A semi-analytical solution of a circular tunnel surrounded by a poroelastic medium and subjected to a 
moving load 

December 2005 

 

Department of Civil Engineering 
Research Report No R857 

32  
 

 

0.0 0.2 0.4 0.6 0.8 1.0
-0.20

-0.15

-0.10

-0.05

0.00

σ θ
θ/F

t

v/vSH

 z'=-1(permeable)

 z'=-1(impermeable)

 z'=1(permeable)

 z'=1(impermeable)

 
(c) 

0.0 0.2 0.4 0.6 0.8 1.0

-0.07

-0.06

-0.05

-0.04

-0.03

-0.02

-0.01

0.00

0.01

p/
F t

v/vSH

 z'=-1(permeable)

 z'=-1(impermeable)

 z'=1(permeable)

 z'=1(impermeable)

 
(d) 

Figure 7: Dynamic response of two points with 0.1,0.1' −=z  and 5.1=ρ  near a permeable 
or impermeable circular tunnel subjected to a moving tangent concentrated ring load 

tF  with velocity ranging from 0.0/ =SHvv  to 0.1/ =SHvv : (a) radial displacement 

tr Fu / ; (b) axial displacement tz Fu / ; (c) hoop stress tF/θθσ ; (d) pore pressure tFp / . 
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5 Conclusions 

Closed form solutions in the frequency-wave-number domain for a circular tunnel subjected 

to a moving load have been derived in the paper. The time-space domain solutions are 

obtained by analytical inverse Fourier transformation with respect to frequency together with 

numerical inverse Fourier transformation with respect to axial wave number. Our solutions 

are useful for design of subway tunnels embedded in saturated porous media. Also, our 

solution can be used in the evaluation of dynamic responses of mines to detonation waves. 

More importantly, the present solution can be used to check various numerical methods 

addressing moving load problems of tunnels or boreholes. Numerical calculations in our 

paper show moving loads have very complicated effects on the dynamic response of the 

porous medium. In summary, moving loads with high speed tend to generate larger 

displacement, stress and pore pressure than a static or lower speed loads do. In particular, 

when the velocity of a moving load approaches the velocities of the body waves of a porous 

medium, the response of the porous medium will increase significantly and exhibit an 

oscillating nature. In addition, the influence of the boundary condition depends on the 

location of receiver points and the load velocity. Generally, the boundary conditions along 

tunnel surface have a larger influence on stresses and pore pressure than on the 

displacements. 
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Appendix  

The three constants ),( ξωA , ),( ξωB , ),( ξωC  for a moving concentrated ring normal load nF  are 

given as follows 
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